This paper investigates whether the Federal Reserve might lower its currency processing costs by reallocating high-speed currency sorting volume among its processing sites. Although scale economy estimates from Bauer, Bohn, and Hancock (1998) suggests that consolidation might permit some processing cost savings, it can be very expensive to ship currency due to security and insurance requirements and these costs increase rapidly as currency is transported further and further from a given processing site. Given estimates of currency shipping costs and scale economies for high-speed sorting, our model determines the distribution of sorting volumes across possible processing sites that minimizes the Federal Reserve's overall costs. These cost savings are achieved while leaving service levels to depository institutions roughly constant. The sensitivity of our results is explored by employing a range of estimates for shipping costs and scale economies.
Introduction
The Federal Reserve's involvement in the provision of paper currency dates back to its founding in 1913. In fact, the major impetus for the creation of the Federal Reserve system was to furnish an "elastic currency" in an attempt to make financial crises, such as the Panic of 1907, less likely. While much has changed in the financial landscape over the last 80 years, currency remains an integral part of the U.S. payments system. For many types of transactions, currency has withstood the onslaught of checking accounts and credit cards, and will likely hold an edge over debit and smart cards for some types of transactions for the foreseeable future. The reasons for this are simple: currency offers finality, anonymity, and familiarity at a reasonably low cost for smallvalue transactions, setting a high hurdle for other payment instruments. This is good news for the Treasury, because the 15.5 billion Federal Reserve notes (with a value of $344.5 billion in 1993) are backed by Treasury debt. The $20 billion a year in interest payments that the backing of these notes kick off is indirectly remitted to the Treasury. 1 Ultimately, the interaction of payment instrument providers, payors, payees, and regulators will determine the market shares of various payment instruments, but it is likely that currency will continue to retain a significant share of transactions.
The Federal Reserve has a responsibility to operate its service efficiently. Even if there were no evolution in the market as a result of new payments instruments, the advent of nationwide branching would have necessitated a reexamination of the currency infrastructure.
2 This paper studies whether a redeployment of resources can lower the Federal Reserve's costs while still providing depository institutions (DIs) roughly the same level of service. More precisely, we explore the optimal solution to two optimization models for the Federal Reserve. The first starts with the current 37 processing sites and determines how the processing volume should be allocated among them. 3 In other words, if we limit our consideration only to the locations where the Federal Reserve already has processing sites, how should processing volume be allocated to minimize overall costs (processing and shipping costs). In the other scenario, we optimize the same model, but this one starts with the cities that anchor Rand McNally's 46 Major Trading Areas (MTAs), except Honolulu. 4 This is essentially a "green field" approach: if we are allowed to consider the 46 largest metropolitan areas, where would the Federal Reserve choose to locate processing sites to minimize overall costs? This scenario provides us with an estimate of the maximum possible cost savings from reallocating currency volume.
Like the ultimate question to life, the universe, and everything 5 , the appropriate objective function for the Federal Reserve to pursue in the provision of currency has not been explicitly stated. While it is widely acknowledged that the Federal Reserve should run its currency operations in a cost-efficient manner and the Uniform Cash Access Policy (see footnote 2) specifies the level of service that DIs should receive from existing Federal Reserves sites, many aspects of the Federal Reserve's behavioral objective have not been explicitly defined. For instance, how many processing sites should the Federal Reserve operate? More sites would mean a higher level of service to DIs, perhaps boosting the use of currency and indirectly reducing the borrowing needs of the Treasury. Alternatively, fewer sites would lower service levels, but might lower costs more than enough to offset any such losses to the Treasury.
Because such issues are far beyond the scope of this paper, our model seeks to provide DIs roughly their current service level. By adopting this constraint, minimizing the Federal Reserve's costs is equivalent to maximizing social welfare (in this limited context). In the model this is accomplished by having the Federal Reserve continue to pay for shipping currency to and from the location when a processing site is closed. This accounts for most of the social costs such a closing would impose on third parties.
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Whether the Federal Reserve actually picks up these costs is a policy matter that we will not consider here. Another policy matter that we do not address is the cost implications for other Federal Reserve services remaining at these sites.
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Our key finding is that while the Federal Reserve may be able to save almost 20 percent of its controllable costs by reallocating volume, most of the $5 million dollars cost savings can be obtained by reallocating processing volume without closing any processing sites. In addition, only a handful of Federal Reserve sites appear to be candidates for closing, a decision which would require examining a number of issues that we avoid here such as transition costs and the impact on other Federal Reserve services. Finally, our "green field" approach suggests that the current geographic distribution of Federal Reserve sites is very close to the optimum. The most significant departures are that our model would not operate a site in Helena and would open sites in Phoenix and Milwaukee.
The rest of the paper is organized as follows. A brief description of the Federal Reserve's currency service is presented in Section 2. A mathematical programming model that determines the optimal cash processing volumes and shipment schedule to minimize overall costs is developed in Section 3. This model is subsequently solved using estimated data on the demand for cash and the processing and shipping costs. The results are presented in Section 4, together with a discussion on the robustness of the solution within a range of estimates for the shipping costs. Some conclusions and possible extensions to the model are discussed in Section 5.
Overview of Currency Service
DIs deposit their excess currency at the nearest Federal Reserve currency processing site, where it is counted and verified. An important part of the verification process is separating fit notes from worn notes and possible counterfeits. Processing sites hold fit notes (non-worn processed notes as well as new notes) until a DI requests a cash order. Unfit notes are destroyed and their face value is deducted from the total amount of Federal Reserve notes outstanding. Counterfeits are turned over to the Secret Service for further investigation.
Paying and Receiving operations involve having a highly secure area for DIs to deposit and receive currency deposits and orders. This area separates the DIs' armored car personnel from the Federal Reserve employees. Security cameras cover every angle. From the receiving area, currency deposits are transferred to the vault until ready to be processed on the high-speed currency sorters. These machines can sort tens of thousands of notes per hour. Fit notes are sorted into one bin, counterfeit notes are sorted into another, while unfit notes are automatically shredded and discarded.
The interaction of processing scale economies and shipping costs is the key component of our model. Economists define minimum efficient scale (MES) as the lowest level of output at which average cost reaches its minimum. Processing costs would be minimized if all sites operated at this level of output. To make our model computationally feasible, we employ a piecewise linear approximation to the translog cost function estimated by Bauer, Bohn, and Hancock (1998) . Both the translog and piecewise linear average cost functions are plotted in Figure 1 in order to demonstrate that very little information about the estimated average cost function is lost in the piecewise approximation.
8 Note that MES is achieved at 218 million items per quarter.
If geography-and hence shipping costs-were not an important factor, then one could determine an upper bound on the number of sites by dividing system-processing volume by MES. If shipping costs are low or if MES is achieved at a low level of output (i.e., full scale economies are achieved at a low level of output), then this approach would still be roughly correct. However, when MES occurs at a relatively large level of output compared to total system processing volume, then the number of processing sites will depend on both the degree of scale economies and how expensive it is to ship currency.
We were fortunate to obtain estimates of shipping costs from a recent Federal Reserve Currency Infrastructure study.
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Because transportation costs are so crucial to our results-and can only be imperfectly estimated-we solve our model using these estimates and then two more times, with transportation costs alternatively 10 percent higher and then 10 percent lower than these best estimates.
Model Description
In this section we develop an integer linear programming model to determine the allocation of cash processing volumes and shipment schedules among processing sites that minimizes a total measure of processing and shipping costs of the Federal Reserve. The model is then used to explore the tradeoff between scale economies in processing costs on the one hand and transportation costs on the other.
We assume that all the locations considered can be used for cash processing (for some of the MTA cities, this would mean that processing facilities would have to be constructed). We then allow the model to determine whether some or all the unprocessed cash collected in one site should be shipped to other sites for processing. We also allow for fit cash at a site to be shipped to other sites for distribution to the local depository institutions. The main assumptions adopted for the modeling are the following:
(1) Currency bills are differentiated according to their denomination, in terms of shipping costs as well as the proportion destroyed during currency processing. The model presented in this section can generally be applied for an arbitrary type of bill category. However, in the numerical computations of the Section 4 we only use two types, namely bills of low ($1 bills) and high (all other denominations) value.
(2) The costs associated with shipping cash (fit or unprocessed) are proportional to the volume of shipped cash. The unit transportation cost between two sites depends on the sites chosen, as well as the type of bill shipped. The unit costs of shipping fit and unprocessed currency are the same. 10 Finally, the cost of shipping new cash to a site is directly proportional to the volume of new cash shipped, with the unit shipping costs dependent on the destination site.
(3) The costs associated with currency processing are a function of the processed volume, independent of the type of bills processed. This function can generally be different for each processing site, although in the current application all sites have identical processing costs. In this our approach takes a decidedly long run perspective. The specific form of the cost function used in this paper is discussed in detail in the cost function subsection.
(4) Finally, we assume that there is no restriction on the amount of cash that can be stored at any site. Again, our approach takes a longer term perspective because some Federal Reserve sites are starting to face some vault capacity constraints and might have to be expanded if processing volumes at those sites were to be significantly increased.
The following notation will be used in the subsequent development. 
System Parameters

The Optimization Model
Let f i (v) denote the cost of processing cash volume v at site i.
The mathematical optimization model developed below determines the optimal currency volumes v i , t ijk , m ijk , n ik , to minimize the total processing and transportation cost, subject to capacity and demand satisfaction constraints.
We next explain briefly the motivation for each of the three constraint groups.
(1) Demand Constraints. These constraints express the requirement that cash demand at each site must be satisfied. Note that the left hand side is equal to the total processed cash volume available in site i, including cash sent from other sites and cash remaining in the site after processing.
(2) Unprocessed Cash Balance. These constraints ensure that the amount of outgoing unprocessed cash from site i (either shipped to other sites before processing, t ij , j≠i, or remaining in the site for local processing, v i ) is equal to the incoming unprocessed cash to the site (shipped from private banks, s i , or from other sites t ji , j≠i).
(3) Fit Cash Balance. These constraints ensure that a similar balance is satisfied for the incoming and outgoing fit cash at each site.
(4) The total volume of cash processed in a site is comprised of the volumes of different types.
(5) Processing capacity constraints.
The model above is a nonlinear programming problem, because the processing cost functions f i (v) are generally nonlinear. The method discussed next can be used to transform the original model into a mixed-integer linear programming problem, for the case where the processing costs can be approximated by piecewise linear functions.
The Processing Cost Function
The model can be made computationally tractable by assuming that the processing cost function f i (v) for cash processed at site i is a piecewise linear function of v , i.e., 
The slopes θ ij of the cost function in consecutive segments are increasing in j for any i, therefore, the cost is convex for v>0.
The functional form of the processing costs proposed in equations (1) and (2) is consistent with the empirical findings about economies of scale in cash processing 11 . By setting f i1 >0, the cost function becomes discontinuous at v=0, with f i0 representing the fixed cost of the cash processing operation at the site. The fixed cost is responsible for the scale economies in cash processing in this formulation. Indeed, the average processing cost per unit of cash volume as a function of v, corresponding to the cost function in (1), has a form similar to that in Figure 1 , which was based on actual cost data. The initial decreasing segment of the average cost, which represents the scale economies, is due to the discontinuity jump at 0. On the other hand, the increasing segment, which represents scale diseconomies for larger volumes, is recovered in the theoretical model by the increasing slopes θ ij . For these reasons, the processing cost function defined in (1) is very realistic given the actual cost data. In addition, the piecewise linear approximation can be made arbitrarily accurate by increasing the number of subintervals r i .
The piecewise linear approximation model for f i (v) allows us to reformulate the original nonlinear programming problem using mixed-integer linear programming. To see this, note that the piecewise linear cost can be equivalently defined by the sequence of points {(w ij , f ij ), j=1,…,r i }. Therefore, for any v∈ (0,u 
Computational Results
Two sets of data are used for the computations, hereafter referred to as the Current Processing Sites (CPS) and the Major Trading Areas (MTA) data set, respectively. The two sets differ in the number of sites considered as cash processing centers and distribution depots.
In the CPS set, the existing 37 cash processing sites of the Federal Reserve System are included in the set of possible processing locations (see Table 1 for a list of these sites). The results of solving this model will explore whether reallocating volume among the existing Federal Reserve sites can lower overall costs. Alternatively, considering the 46 site MTA set, which include all the 37 CPS sites except Helena, is more of a green field Recall that in both data sets the currency notes were divided into two types, generic note 1 ($1 bills) and generic note 2 (all other notes). The two generic notes differ in the unit transportation cost as well as in the yield of the cash processing operation. The justification for this breakup is that, because of cash transportation regulations, the insurance cost for shipping $1 bills is significantly lower than for other types of notes. Based on interviews with cash personnel, we assume that a bundle of $1 bills can be shipped at 1/10 the cost of a bundle of generic note 2's.
In addition, the yield of processing unfit cash is lower for $1 bills, because they appear to receive much higher abuse than other types of notes. On the other hand, differences in transportation costs and yields among notes of $5 and higher are not significant enough to justify differentiation.
The data on the demand for fit cash and supply of unfit cash in each of the current 37 processing sites are derived from average quarterly values for the year.
12 For the MTA cities we rely on estimates from the Cash Infrastructure Task Force. The volumes of generic notes 1 and 2 are assumed to represent 1/3 and 2/3, respectively, of both supply and demand. This ratio is based on the average of processing volumes observed across the Federal Reserve. The demand and supply volumes are presented in Tables 1 and 2 respectively, for both the CPS and MTA data sets.
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Regarding the processing costs, we use the average cost function presented in Figure 1 . Let g(v) denote the average cost per unit volume, represented by the solid curve in Figure  1 . The total processing cost as a function of v can then be expressed as f (v)=v g(v) and it is the same for all sites. We employ a piecewise linear approximations to f(v) based on 9 subintervals, with endpoints w j (in 1,000 notes) and costs f j (in $), for j=1,…,11 as in Table 3 . The dashed curve in Figure 3 represents the average cost corresponding to the approximation of f. It can be seen that the 10-point approximation is extremely accurate in the entire range of processing volumes.
The cost of new cash delivered to site j, is taken p ij =$41 per 1,000 notes, for i=1,2, j = 1,…,N.
14 The yield of the cash processing operations is equal to α 1j =60%, α 2j =70% for all sites.
Again, the unit shipping costs between any two sites is based on estimates from the Cash Infrastructure Task Force. Transportation costs increase with both volume and distance shipped. They also take into account the difference in costs between the two generic notes.
We solve the optimization model for three separate assumptions about transportation costs to determine the sensitivity of our results. After solving the model for our best estimates of transportation costs, we also estimated the model with the unit transportation costs uniformly lower (90%) and higher (110%). These cases are referred to as the low cost and the high cost case respectively.
The optimal solutions for the two data sets and the various cost cases are obtained employing CPLEX optimization software. The results are summarized in Table 4 for the 37-site (CPS) and in Table 5 for the 46-site (MTA) data sets, respectively. The tables include information on the overall cost for the three cost cases, as well as a baseline case where no shipments are allowed between processing sites, and the case where shipments are allowed but no sites are permitted to close. The no-shipment case corresponds to the current state of affairs in cash processing and serves as the basis of comparison for estimating cost savings through transportation. The site information in Tables 4 and 5 corresponds only to sites that are closed under at least one cost case. Sites not present in these tables remain open for cash processing in all cases. The tables also contain information on the breakdown between transportation, processing and new cash cost for the various cases. The controllable cost figures refer to the sum of transportation and processing costs, since only these two components of the total cost can be affected by reallocating cash volumes among sites. In contrast, the cost of new cash is not controllable, because the unit cost of new cash is assumed to be the same regardless of the site, and the total amount of new cash required is determined by the demand, supply and yield figures and is independent of possible reallocations. Therefore, for optimization purposes, the cost of new cash can be considered as a sunk cost of the currency operation.
A first observation from Tables 4 and 5 is that transportation and processing costs, as well as cost savings resulting from the transportation option, are very similar between the 37 and the 46-site data sets. Although the subsequent discussion refers to the first case only, it also applies to the second.
A comparison between the reference cost and the no shipments columns in Table 4 reveals that allowing for shipment of cash between processing sites results in total cost savings of approximately $5.2 million per quarter. This corresponds to savings in controllable costs of nearly 18%. With respect to the total cost, including the sunk cost of new cash, the savings are approximately 5%. Specifically, by spending $717,000 in transportation, a more efficient allocation of processing volumes can be achieved, which results in a $6 million savings in processing costs.
It is also evident (by comparing the last two columns of Table 4) that the major part of these savings (approximately $5 million) can be realized merely by allowing for cash shipments between sites without any sites being closed. Adding the possibility of site closings results in additional savings in the order of $200,000. Thus, reallocation of cash volume through cash shipments seems to be the critical factor in improving the system efficiency, whereas closing sites has a much smaller effect.
As the unit shipping costs increases from 90% to 110% of the reference case, both the total transportation cost and total processing cost increase. This is expected, because as transportation costs rise, fewer notes are shipped, resulting in smaller cost savings from exploiting scale economies in currency processing. However, the increase in controllable costs is about 1%, which indicates that the optimal cost is fairly robust with respect to shipping cost variations.
Regarding the behavior of site closings as a function of the unit cost, we can make several observations from Table 4 . Consider for example the processing site in Oklahoma City. It is optimal for this site to be closed in the low cost case and open in the other two cases. This is intuitive, as increasing shipping costs tends to lower the volume of cash volume shipped, leading to more sites remaining open. On the other hand, for Salt Lake City, moving from normal to high shipping costs results in closing the site. This observation is counterintuitive if considered in isolation. However, the objective of the model is to minimize the cost across the entire system, and its volume can be more cheaply handled at a combination of other sites under this cost configuration (much of the volume goes to Kansas City).
Figures 2 and 3 present the proportion of the demand for fit cash in each site that is satisfied by cash processed locally, cash processed in other sites, and new cash shipped to the site, for generic notes 1 and 2 respectively. It follows from the graphs that most of the unfit cash shipped volumes correspond to generic note 1, whereas for generic note 2 the volume of notes shipped is minimal. This indicates that the unit shipping costs for generic note 2 is prohibitive compared to potential scale economies from reallocation. On the other hand, the lower shipping costs for generic note 1 makes the transportation option more viable.
Only five sites are closed under all three levels of transportation costs. Four others might also be candidates for closing. Of course, this study does not examine all the factors that must be considered before any sites are closed. For instance, this study takes a long run approach and assumes that all inputs adjust fully to the new processing volumes. This means that currency sorters are reallocated and vault space is constructed if necessary. Adding these additional costs into a present value analysis of the site-closing decision, may reveal that closing, or opening, a particular site is too costly. Also, at any sites that were closed there would be an impact on the cost of providing other Federal Reserve services that would have to be considered. Finally, because it would be costly to reopen a processing site, there is an option value for retaining them.
Lastly, as mentioned above, analogous conclusions can be made from the MTA data set. However, this case does have a number of interesting points. First, the biggest omission appears to be the lack of a processing site in Phoenix, a site that remains open under all three transportation cost scenarios. Second, in a handful of cases a nearby city is preferred to an existing Federal Reserve site. For example, Tampa Bay is preferred to Jacksonville in the MTA solution.
Only two of the 10 added sites, Phoenix and Milwaukee, remain open under all three transportation cost scenarios.
15 Consequently, although there may be some opportunities for additional cost savings, it appears that the founders of the Federal Reserve System did a remarkably good job selecting processing sites shortly after the turn of the century that continue to serve well the currency processing needs of the 1990's.
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Summary
Our goal was to construct a model that we could use to determine the least-cost configuration of currency processing sites given the tradeoff between processing scale economies and transportation costs. We have several robust results. First, the Federal Reserve may be able to save up to about 20 percent of controllable costs by reallocating processing volumes. Second, most of these cost savings can be achieved without closing any processing sites by allowing mostly low denomination bills to be processed at sites currently below MES. Another important result is the finding that only a few processing sites appear to be candidates for closing. Finally, even when we adopt a "green field" approach and search for the optimal allocation of processing volume among the 46 MTAs, the A few caveats should be kept in mind. Some of these shortcomings can be surmounted in our future efforts, but others can not. First, because we did not consider the transition costs involved in closing processing sites, our results can only suggest situations that require additional study. Before actually closing a processing site, a cost-benefit analysis should be performed.
Also, short of actually performing the contemplated shipments, it is unlikely that our estimates of shipping costs will be improved. We tested the sensitivity of our results to this potential weakness by solving the model with transportation costs 10 percent higher and lower than our best estimates. If shipping costs rise substantially, then no currency will be shipped. At the other extreme, inexpensive transportation costs would allow processing volume to be reallocated to allow sites that remain open to operate near MES.
Another potential weakness is that the cost function estimated by Bauer, Bohn, and Hancock (1998) used data from a sample that included sites with both old and new highspeed currency sorting machines. When a large enough sample has been collected of the new sorters, which requires the further passage of time, the cost functions will be reestimated and our models could be re-optimized.
On a related issue, the cost functions estimated by Bauer, Bohn, and Hancock (1998) incorporate site-specific environmental variables and allow for varying levels of cost efficiency. Including these factors would result in cost functions that vary across processing sites, which could affect our results. On the other hand, the sources of these varying productivity levels can be mitigated over time (by encouraging under-performing sites to adopt best-practice techniques) and our model is a "long run" model at heart, so an argument can be made for omitting potentially transient factors. However, one short run factor that we may want to include in future work is vault capacity, which varies significantly across processing sites.
Yet another weakness is that the introduction of new notes is somewhat crude. The Bureau of Engraving and Printing's (BEP) average printing cost per thousand notes is known. The total cost of shipping new notes to Federal Reserve processing sites is also known, but not the specific costs of shipping to a particular site. In our model, the cost of new notes is just the sum of the average cost of printing new notes plus the average cost per note of shipping currency (BEP to Federal Reserve shipping costs/number of new notes). Allowing for differential shipping costs from the BEP to the various processing sites would give sites closer to the BEP sites in Washington, DC and Fort Worth, TX an advantage over ones located further away. We determined that refining this aspect of the model was not a high priority at this time.
Finally, while most of the cost saving can be obtained by reallocating volumes without closing any sites, a different objective function (for example one that specified either higher or lower service levels) might suggest more fundamental changes. Solving our model with this alternative behavioral objective could be employed to provide additional insight into such important policy questions. 
